We show how the observable number of binaries in LISA is affected by eccentricity through its influence on the peak gravitational wave frequency, enhanced binary number density required to produce the LIGO observed rate, and the reduced signal-to-noise ratio for an eccentric event. We also demonstrate how these effects should make it possible to learn about the eccentricity distribution and formation channels by counting the number of binaries as a function of frequency, even with no explicit detection of eccentricity. We also provide a simplified calculation for signal-to-noise ratio of eccentric binaries.
Introduction. The LIGO/Virgo detections of coalescing black hole binaries (BBHs) marked the dawn of gravitational-wave (GW) astronomy [1] . With increasing statistics from the ongoing run of LIGO/Virgo, we expect to learn many properties of stellar-mass BBHs. One of the important open questions is the formation channel of these merging black hole pairs.
Observing BBHs at a lower frequency in the millihertz range with LISA could provide powerful information about the formation channel. One aspect of LISA measurements that has been considered is the orbital eccentricity of BBHs [2, 3] . Isolated BBHs typically process little eccentricity while dynamically formed BBHs could have observably large eccentricity. Therefore measuring eccentricity at LIGO could in principle be a good way to differentiate among formation channels.
However, GWs tend to circularize the binary's orbit so that the eccentricity gets reduced together with the orbital size. By the time the BBH enters the LIGO band, the eccentricity is typically small even for dynamically formed binary systems. If possible, it would therefore be better to measure eccentricity at a lower frequency.
In this paper, we show that LISA should distinguish dynamically formed channels from isolated mergers. Unlike LIGO binaries, BBHs in LISA are in their early inspiral stage and most of them do not chirp significantly, so the emitted GWs from these BBHs stay within a small range of frequencies over the entire LISA mission. The dynamical channels are likely to be eccentric, which will affect the signal in the LISA frequency band when dynamically formed binaries should not yet been circularized.
We will show in particular the accumulated number of BBHs per frequency bin can be a very useful probe of eccentricity distribution and thus of formation channels, even in the absence of eccentric templates. We also provide a simple formula for the signal-to-noise ratio (SNR) of eccentric binaries that holds well for all eccentricity between 0 and 1 without explicit summation over higher harmonic components.
The most important influence on the number count is that the peak frequency with which GWs are emitted depends on eccentricity. In contrast to past predictions for multichannel observations [4, 5] , any binaries observed with nonzero eccentricity at LIGO would not radiate at a measurable level in the LISA window at all due to their high eccentricity at formation. Without eccentric templates, the distribution would also not provide LISA binaries as the precursors of the LIGO distributions from most dynamical channels (even those for which LIGO eccentricity is too small to be measured) and some of those dynamically formed binaries will emit chiefly at frequencies between those of the LIGO and LISA bands.
Furthermore, we will demonstrate that the signal-tonoise ratio (SNR) of BBHs (even those measured with eccentric templates) decreases with eccentricity, further reducing the number of accessible dynamically formed binaries.
This reduction is sometimes partially compensated by the fact that for fixed local merger rate, the number density of inspiraling BBHs per frequency range is enhanced by eccentricity. (See also [6] ).
The net effect of these factors is that eccentricities affect the observable number of BBHs so that the absence of detected binaries with circular templates will have much greater discriminatory power than would be naively anticipated. It is not merely that without eccentric templates we dont see eccentric binaries. We are making a much stronger statement that for sufficiently large eccentricity in the LIGO window, entire populations will be lost, even in some cases with eccentric templates.
Evolution of eccentric binaries. We briefly review the evolution of eccentric binaries and their GWs. Eccentric binaries are in general formed in dynamical channels in which the tidal influence of ambient masses is important. However, when these binaries enter the LISA band, their −n (n = 2, 3, 4, 5, 6) at fp * = 10Hz, respectively. The four dashed magenta curves show the time τ to coalescence of binaries with m1 = m2 = 30M . The shaded strips show the frequency ranges covered by several GW telescopes.
separation has been reduced enough that these gravitational disturbances to the binary orbit should be negligible, with the exception of possible but infrequent nonperturbative influences. Because most LISA binaries are already outside the range of significant tidal influences, we treat them as isolated during the time in the LISA window and use the leading PN approximation with quadrupole radiation only, which holds well during the early inspiral of BBHs potentially visible to LISA.
We consider a binary made of masses m 1 and m 2 , with total mass m = m 1 +m 2 and reduced mass µ = m 1 m 2 /m. We will also use the chirp mass m c ≡ µ 3/5 m 2/5 . The orbit of the binary is elliptical in general, with semi-major axis a and eccentricity e.
The back reaction of GWs reduces and circularizes the binary orbit. At the quadrupole level, the evolution of a(t) and e(t) are described by the Peters' equations [9] ,
de dt = − 304 15
where G is Newton's constant and c is the speed of light. Eliminating t from Peters' equation, we get a relation between a(t) and e(t) for a binary with initial value (a 0 , e 0 ), .
The GW radiation from elliptical systems will have many harmonic components at integer multiples of the orbital frequency f orb = (2π) −1 Gm/a 3 . Circular binaries The eccentricity e in the LISA window (grey strip, same as in Fig. 1 ) versus the eccentricity e * at fp * =10Hz. BBHs to the lower-left of the black dashed lines could be seen in LISA if LISA is able to measure e up to 0.01 or 0.4, respectively. LOWER: Eccentricity distributions from several channels at 10Hz. The four curves corresponds to the isolated channel [3] , the ejected binaries from globular clusters and the in-cluster mergers [7] , and binaries from galactic centers [8] . All curves are normalized at their peak values and the overall heights do not represent relative fractions of channels.
have only the second harmonic f gw = 2f orb due to the quadrupole nature of the GW radiation. Elliptical binaries' GW spectrum will peak at f p which we call the peak frequency and is given by [10] 
Importantly, nonzero eccentricity shifts the peak of the GW spectrum towards higher frequency. For large e 1, we have f p π −1 Gm/a 3 p where a p = a(1 − e) is the periapsis distance. Consequently, f p f orb when e is large, so it is possible that f p is in the LISA frequency range while f orb is inaccessible to LISA. We see that when studying the evolution of eccentric binaries relating to LISA observations, it is generally more useful to use f p and e as independent variables instead of a and e.
Similar to (2), we can find a relation between the evolution of e and f p by eliminating a from (2) and (3). For a binary with eccentricity e * and peak frequency f p * at some moment, we have,
The function H(e) has the important property that it reaches a finite constant H(1) 1.89 when e → 1. This means that for a binary with nonzero eccentricity e * at a fixed frequency f p * , the frequency f p at earlier times would never be smaller than a cutoff frequency f min ≡ [H(1)/H(e * )]f p * . The cutoff frequency f min depends only on e * and f p * but not on the masses of the binary. Note this result differs from Ref. [3] , which assumed the GW frequency f GW = 2f orb instead of f p , which is approximately correct for the low eccentricity binaries they considered but would be inadequate for larger e values. Fig. 1 shows (4), choosing f p * = 10Hz at the lower end of the LIGO band for different e * at 10Hz. We see that, for instance, a binary with e * = 10 −3 in LIGO (a value not measurable in LIGO but a value motivated by dynamical predictions) would never radiate measurable GWs below 0.02Hz. So for example if all binaries had eccentricity higher than 10 −3 at 10Hz, LISA would see no binaries below 0.02Hz.
Although extreme, this shows how it could in principle be possible to infer the eccentricity distribution by counting the binary number measured in LISA, even without measuring eccentricity directly in either detector (in the case of LISA not seeing events at all). In Fig. 2 we show the coverage of LISA in e * in light of the predicted e * distribution from several formation channels.
Number density of BBHs. Contrary to the transient nature of BBH mergers in LIGO, most stellar mass BBHs in LISA emit GWs with slowly varying frequency. Because of the eccentricity-dependent evolution in frequency between the LISA and LIGO bands conveyed in Fig. 1 , the number density of stellar mass BBHs per frequency range dn/df p conveys information about the formation channel and corresponding eccentricity distribution. Here n is the comoving number density of the BBHs, and we are using the peak frequency f p as the variable to account for elliptical orbits.
The number density dn/df p can be inferred from the local merger rate R = dn/dt by the chain rule, dn/df p = Rḟ −1 p . The rate of "chirping"ḟ p = (∂f p /∂a)ȧ + (∂f p /∂e)ė. With (1) and (3), we get,
F(e) ≡ (1 + e)
The function F(e) describes the correction from e = 0. One should be careful when using (5) because the eccentricity e in (5) is not a constant and changes with time, or equivalently, with f p . The relation between e and f p is given in (4). So we should replace e in (6) with
where e * is the eccentricity at a fiducial frequency f p * which we choose to be 10Hz.
Note that F(e) > 1 when e > 0 and so finite eccentricity enhances BBH number density per frequency range (for frequencies with nonzero contribution) compared to circular ones. Qualitatively one can understand this enhancement by looking at the integrated number density n = R df p (dt/df p ) ∼ Rτ where τ is the lifetime of BBHs. The lifetime of a binary starting from initial (a 0 , e 0 ) scales like τ ∼ a 4 0
That is, the lifetime increases with eccentricity for fixed f p . Consequently, when eccentricity is increased, more binaries are needed to achieve the same merger rate.
It might seem counterintuitive for eccentricity to decrease the merger rate. We emphasize that this is true only for fixed initial peak frequency f p . If one fixes the initial 2f orb instead of f p , then the merger time for eccentric orbits is lower.
Combined with the fact that BBHs circularize during inspiral, the above discussion shows that if these were the only effects, the relative fraction of eccentric binaries would increase at lower peak frequency for frequencies above the frequency cutoff -the frequency f min below which the eccentric binary could never reach. However, SNR decreases with eccentricity and furthermore the peak frequency for large e will move out of the LISA range both of which can lead to very different frequency distributions for eccentric orbits as we now explore.
The distribution of BBHs can be written as a function of the chirp mass m c , the distance from the observer r, the peak frequency f p , and the eccentricity e * at a fiducial frequency f p * which we choose to be 10Hz,
We have neglected cosmic expansion since most LISA BBHs will have small redshift. The distribution f (m c , e * ) depends on the formation channel. Isolated binaries from common envelope channels should be almost circular [3] so that most such binaries have e * < 10 −6 . On the other hand, dynamical channels generally lead to larger e * roughly ranging from 10 −6 to 10 −3 , as shown in Fig. 2 . Remarkably, we see that LISA has just the right frequency band to have the potential to distinguish predictions with 10 −6 e * 10 −3 . Below we shall show that LISA does not even have to measure e very accurately; a counting of BBH number in every frequency bin could reveal enough information to distinguish dynamical from isolated channels.
To describe how this is achieved, we need to include the effect of nonzero eccentricity on a BBH's signal-to-noise ratio (SNR) in LISA.
LISA SNR of eccentric BBHs. The SNR of eccentric BBHs can be calculated as
where the summation is over all harmonic component of GWs. For highly eccentric BBHs one has to sum over a large number of harmonics which can be numerically challenging. However, the noise strain S N (f ) does not vary a lot within the width of the GW spectrum, so a good approximation is to pull S N out of the summation, so we get h
, which is simply the amplitude of GW radiation averaged over one orbit. To see how this quantity depends on eccentricity, first consider the large e limit where we keep track of = 1 − e 2 factors. Then the GW amplitude is proportionalM with M ∝ (a ) 2 , the mass quadrupole of the binary. To take the time derivative, we use the fact that d/dt =ψ(d/dψ) where ψ is the true anomaly of the binary orbit on which the mass quadrupole has sinusoidal dependence, andψ ∝ (a ) −3/2 . Therefore,
Now using f p ∝ (a ) −3/2 , we have
There we see if we treat the SNR as a function of f p and e, then it scales with like 3/4 . In fact a simple formula turns out to well approximate the sum over harmonics for any value of eccentricity 0 ≤ e < 1:
Therefore, for binaries with little chirping during the whole observation time so that f p and e are relatively constant, we have,
For chirping binaries, we can extend to the following generalized expression,
Here f p (t) and e(t) should be calculated using (1) and (3) . In this way we can avoid the summation over GW harmonics. We compare the results from the simplified equation (11) and from the original one (8) in the left panel of Fig. 3 and find very good agreement for all eccentricities. (11) shows that a nonzero eccentricity will decrease the SNR for a binary with fixed peak frequency. One can again understand this suppression of SNR by noting that the eccentricity lengthens the lifetime τ for fixed f p and thus suppresses the radiation powerĖ ∼ τ −1 .
Number distribution in the frequency domain. With the number density (7) and the SNR (12) of eccentric BBHs, we can now evaluate the number of resolvable BBHs in LISA. Since SNR scales like (1 − e) 3/4 /r with r the source distance, finite e will decrease the total volume reachable by LISA as (1 − e) 9/4 . On the other hand, the eccentricity increases number density by a factor of F(e) defined in (6) . Therefore, we see that the total number of resolvable BBHs scales with e according to (1 − e) 9/4 F(e). We plot this combination in the right panel of Fig. 3 . We see that the total number is enhanced for 0 < e 0.8 but suppressed for high e 0.8. We note that the enhancement of resolvable BBHs is most prominent for e ∼ 0.4, which happens to be around the largest e reached by state-of-the-art eccentric templates. Through the relation (4) between e and f p , the enhancement around e ∼ 0.4 is translated to the enhancement of resolvable BBHs in the LISA band (f p ∼ 0.01Hz) for dynamically formed BBHs with e * ∼ 10 −4 at f p = 10Hz. On the other hand, the suppression for e > 0.8 is translated to the reduction of binaries numbers at low f p compared with a circular distribution. This leads to the most important effect, which is that signals associated with finite eccentricity will be concentrated at higher frequencies, potentially outside the LISA band.
To calculate the number of resolvable BBs, we assume 10yrs of LISA observations, and use ≥ min = 8 as a criterion of resolvability. To illustrate the effect of eccentricity, we take m 1 = m 2 , and also the merger rate R 50Gpc −3 yr −1 inferred from LIGO/Virgo observations [12] , which gives R = 53.2
We then calculate the total number of resolvable BBHs in the frequency bin [f, f + ∆f ].
where we introduced two θ-function cutoffs. The first is to select BBHs with SNR larger than min = 8, and the second characterizes our limited ability to see very eccentric BBHs, due to template limitations. One can get information about eccentricity by measuring N (f, ∆f, e cut ) even with small e cut . We illustrate this in Fig. 4 with several examples of N (f, ∆f, e cut ) as function of f . We choose log-uniform bin width ∆f = 10 0.1 f .
We see that without eccentric templates we would miss entire populations of binaries unless e * is sufficiently small. Of course it is clear that if the template doesnt cover the eccentricity we wont see it. The new wrinkle here is the relationship between the black holes predicted for LIGO and where in frequency/eccentricity space they are expected in LISA. Many of the expected binaries would be lost in the LISA window without eccentric templates.
For example if LISA is blind to binaries with e > 0.01 it will see no binaries at all for distributions with e * ≥ 10 −5 . In the range of 10 −5 e 10 −6 , LISA will find a significant reduction in N (f, ∆f, e cut ) at lower frequencies. The message is that if LISA sees significantly less BBHs than naively expected, one should search for BBHs with eccentric templates.
We demonstrate this in Fig. 4 . The blue, green, and orange shadings show how many more BBHs one can see if the largest observable eccentricity is raised to 0.1, 0.4, and 0.9, respectively. By including these modest e values, one can probe e * up to O(10 −4 ∼ 10 −3 ). We mentioned earlier that dynamical channels will mostly lead to distributions of e * peaked between 10 −6 and 10 −3 , while isolated channels mostly produces binaries with e * < 10 −6 . This result tells us that LISA can in principle distinguish these classes of channels by doing an N (f, ∆f, e cut ) measurement. A circular-only measurement should definitively distinguish e * being above or below O(10 −5 ) and thereby tell the difference between dynamical channels and isolated channels. By further applying eccentric tem-plates capable of measuring e up to 0.1 or 0.9, one can further distinguish among different sub-classes of dynamical channels with different peak e * (and of course verify this interpretation).
In Fig. 5 , we further contrast N (f, ∆f, e cut ) from two channels with e * = 10 −5.5 and 10 −4 , respectively. The left panel shows what LISA will see using circular templates only. In this case LISA will see no binaries from the e * = 10 −4 channel and a reduced number of binaries at lower frequencies from the e * = 10 −5.5 channel. The right panel shows the resolvable number if templates up to e = 0.4 are used.
In each panel of Fig. 4 , we also show the binaries merging within ten years in the LIGO band that could conceivably be targets of multiband GW observation. All these binaries will have tiny eccentricity in the LIGO band. We can hope for multiband observations with either eccentric templates or intermediate frequency observations. Very high eccentricity templates remain challenging. With templates measuring e to 0.4 however, we can observe the majority of stellar-mass black holes formed in either isolated or dynamical channels. In particular, for the distribution with e * = 10 −4 predicted by several dynamical channels (cf . Fig 2) , templates up to e ∼ 0.4 will allow us to see more BBHs in the LISA band than expected form circular distribution. This is most clearly seen from the second panel of Fig. 4 .
We emphasize that varying the mass function p(m) affects only the overall number of resolvable BBHs, but not the distribution dN/df . In fact, the number of resolvable BBHs is very sensitive to the BBH mass function which we don't know well enough. This uncertainty will decrease with more observations in the future. Nonetheless, apart from the overall scaling, the number in each bin N (f, f + ∆f ) as a function of f is not sensitive to the mass function. However, the e * -distribution from various dynamical channels could correlate with the mass m. We leave a more systematic study with different e * -distributions to the future.
It is of interest to compare our results with previous studies [3] . While we reach a similar conclusion that LISA will see fewer binaries for dynamical channels, the underlying reasons are very different. [3] claimed that the eccentricity will boost the merger rate and thus reduced the number density of inspiraling binaries for fixed merger rate, which in turn led to a reduced predicted number of observable binaries. This claim implicitly assumed GW frequency being twice the orbital frequency, f GW = 2f orb . We emphasized in this paper that we should use the peak frequency f p instead of 2f orb . Based on this, we showed that the eccentric binaries have a cutoff frequency f min that depends only on its eccentricity e * at a reference frequency f p * . Above f min , we show that eccentricity actually increases the number density. However, we also showed that eccentricity reduces SNR even with appropriate eccentric templates. Combining all these effects and accounting for the eccentricitydependence of the peak frequency, we showed that the number of observable binaries will be decreased for dynamical channels if we use circular templates only. But, with appropriate eccentric templates, the number of observable binaries in LISA in the case of dynamical formation can be either larger or smaller than the isolated channel, which can be seen from Fig. 4 .
Multiband observation of eccentric LIGO binaries. We have shown that binaries with eccentricity larger than 10 −3 in LIGO at 10Hz will not be observable in LISA. A multiband observation for such binaries would require GW telescopes working at sub-Hertz band, such as DECIGO [13] and TianQin [14] . The next generation ground-based interferometer can also help by going to lower frequency, such as planned for the Einstein Telescope (ET) [15] and the Cosmic Explorer (CE) [16] . We illustrate their coverages in the frequency domain in Fig.  1 . Interestingly, binaries with e * lying between 10 −3 and 10 −2 will be essentially circular in LIGO while invisible in LISA. Therefore, sub-Hertz telescope would be the only way to see their eccentricity. In addition, binaries with observably large eccentricity in LIGO (e * > 0.01) are typically from non-perturbative dynamical process. Observing such binaries at sub-Hertz band would provide the only way to see the earlier evolution of such binaries before the merger, and would provide insights into the nature of the non-perturbative dynamical process.
Given that multiband observations for black holes being eccentric in LIGO will be unlikely, it is interesting to extend the study to heavier binaries which could in principle be observed in both LISA and LIGO. However the total number of observable binaries will be limited by non-observation at LIGO so far. Taking m 1 = m 2 = 100M as an example, no observation in LIGO O1 data puts an upper limit of merger rate for this mass as R < 2Gpc −3 yr −1 [17] , which would be further lowered if also including O2 data. Then the total number of such heavy binaries in LISA with > 8 in 10yr would be at most a few.
Discussion. We have shown that LISA has just the right frequency range to distinguish among different formation channels with a number count in frequency bins. Although eccentric templates will help distinguish precise formation channels, because of the absence of low frequency eccentric mergers, one can even probe eccen-tricity distributions by measuring circular binaries alone. We leave to future work full statistical analysis of BBH distribution of mixed origins.
We also showed that binaries with e * > 10 −3 at 10Hz are not observable in LISA. This of course includes all LIGO binaries with observably large eccentricity (e * 0.01). Multiband observations of such binaries could however be possible with GW telescopes working between the LISA and LIGO bands. Although the expected number of observable binaries depends heavily on the mass function, we emphasize that this dependence will mostly affect the overall number but not the distribution in frequency.
We see from Fig. 2 that there is still quite large degeneracy among formation channels even we can measure the eccentricity distribution perfectly. If future measurements show that a significant fraction of binaries are formed dynamically, it will be desirable to find ways to further differentiate various dynamical channels, such as to study eccentricity in correlation with other parameters (e.g. binary mass [8] ) or other type of signatures, such as binaries' barycenter motion [18] [19] [20] or tidal-induced eccentricity oscillations [21, 22] .
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